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In general there is no market prices on undesirable outputs which make the Törnqvist and Fisher productivity indexes difficult to apply when such outputs are present. Pittman (1983) showed by using constructing shadow prices how this shortcoming could be overcome. 3 Färe, Grosskopf, Lovell and Pasurka (1989) took another approach and introduced a hyperbolic Farrell-type efficiency measure. Their measure expands good outputs and contracts bad outputs using a single scalar. This makes their measure nonlinear, a property which is undesirable for an efficiency or a productivity measure. 4 In this paper we introduce a directional output distance function that has the properties of being radial and accounts for reduction in undesirable outputs, thus it has the two desirable properties. We show how the directional output distance function is related to Shephard's output distance function and we apply it as a component in a ∈ and we assume that outputs are weakly disposable, i.e., (1.2) (y,b) ∈ ∈ P(x) and 0 ≤ ≤ θ θ ≤ ≤ 1 imply (θ θy,θ θb) ∈ ∈ P(x).
In addition, we assume that the good or desirable outputs are freely disposable, i.e., (1.3) (y,b) ∈ ∈ P(x) and y′ ′ ≤ ≤ y imply (y′ ′,b) ∈ ∈ P(x).
Our final condition on outputs is that the good outputs are nulljoint with the bads. This condition is modelled by (1.4) if (y,b) ∈ ∈ P(x) and b = 0 then y = 0.
In words, (1.4) says that the good outputs are nulljoint with the bad outputs whenever zero production of the latter occurs only when the former is also zero. Alternatively, this means that if a good output is produced in a positive amount some bad output must also be produced. Conditions (1.2) -(1.4) will be incorporated into our See Chambers, Chung and Färe (1995) Descriptive statistics for the data are presented in Table 1 . The data shows that the amount of inputs and outputs increased between 1986 and 1988 and decreased thereafter.
Only the data of the firms which operated during the whole five years are included here. The maximization problems in (2.11) and (2. The average values for the Malmquist-Luenberger productivity indexes and its components are reported in Table 2 . 
